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Abstract

Principal Component Analysis(PCA) is a widely popular approach for dimen-
sionality reduction by producing a set of orthogonal latent variables with ordered
importance. Autoencoders (AE), which can also be used to learn a predetermined
dimension of latent representation, are more capable of capturing complex non-
linear features due to the flexibility of its encoder-decoder architecture. However,
importance ordering of latent variables and independence are lost in simple autoen-
coders, and as such the main objective of this paper is to retain these two features
to make it PCA-like while taking advantage of non-linearity from autoencoders.
A probabilistic interpretation with variational AE (VAE) is then provided and
we integrated the new implementation with two existing methods on a new syn-
thetic dataset 'Rectangles’. We also propose a classification downstream task as a
quantitative metric alongside the standard analysis of covariance and interpolations.

1 Introduction

In modern ML practices, a high number of dimensions leads to a variety of issues: higher chance
for overfitting due to the stronger assumptions, higher model complexity, stronger noise, and more
computational power. Dimensionality reduction algorithms not only provides a pathway to removing
the redundant features and improving the overall performance, but it also helps with data visualization
for more intuitive explanations [1]. Two main categories stem from the large family of approaches -
feature selection and feature engineering. While the former identifies and selects the relevant features
for the dataset, the latter creates "new features" based on the existing ones manually.

Principal Components Analysis(PCA)[2], an imperative method in feature engineering, is used
to drop the least important variables while keeping the more informative ones. For data points
scattered in an N-D space, some axes(directions) can be identified with larger amount of variance
that are orthogonal to each other. These axes(principal components) are found by a sequence of
standardization, covariance calculation, and eigenvalue-eigenvector calculation steps. Given an
arbitrarily selected number of principal components M, the algorithm can output the new set of
mutually orthogonal features in space R for each data point with ordered importance. One main
disadvantage to this method is the reduced interpretability due to the new feature space linearly
transformed from the original space.

Similar to PCA, autoencoders can also be used to encode the input features into a more compact
representation in the latent space. However, autoencoders are not restricted to linear transformations
in their encoder/decoder networks, which implies an enhanced capability in capturing important
non-linear features often found in more complex datasets (such as most vision and language datasets).
For instance, with an MNIST handwritten digit database [3], we could expect a principal axis along
the stroke direction and another along the "thickness’ dimension. The stroke shape axis is most likely
non-linear and therefore it’s not possible to be captured by a linear method such as PCA.
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However, the naive autoencoder solution leaves two important characteristics behind: (1) ordering of
features by importance and (2) independence between each dimension. In order to both leverage the
structural complexity of the autoencoders and avoid the listed issues, multiple PCA-like autoencoding
mechanisms have been developed [4, 5] (See section 2). Instead of producing the latent space
representations simultaneously, both methods adopted a sequential trick to emphasize the importance
of some units to achieve an equivalent ordering and independence.

Since almost all existing methods employ simple autoencoders as the base model, we then propose
to explore variational autoencoders(VAE) [6] from a probabilistic perspective for learning a well-
behaved latent representation. Intuitively, we can think of VAE as a regularized autoencoder to reduce
overfitting and therefore to ensure the smoothness and continuity in latent space for generation and
other downstream tasks. More importantly, We also provide a probabilistic interpretation (from which
the intuition above can be stemmed) and integrate it with the existing methods.

Hence, the main contributions of this paper are:

1. Creating a synthetic dataset for better understanding of the properties of latent representations
(Section 3)

2. Demonstrating the difference between PCA-encodings and autoencoder-encodings in the
latent space (Section 4)

3. Reproducing the two PCA-like autoencoders implementations and evaluate on our own
dataset for qualitative and quantitative comparisons (Section 5)

4. Integrating VAE into the PCA-like autoencoding procedures and illustrate its significance
(Section 6)

Furthermore, in addition to visual illustrations and losses for evaluation, we also come up with a
metric-based on classification as a downstream task to showcase the effectiveness of the learned
representations from a more quantitative perspective.

2 Related Work and Methods

PCA has been utilised for dimensionality reduction by creating new linear combinations of variables
characterising the data since the 1960s [2], and this unsupervised algorithm can identify the underlying
patterns and main axes in data such that the similarities and differences can be highlighted.

In the previous work [5], the ordering of importance was effectively achieved by training a se-
quence of autoencoders with increasing latent space size. Each step is trained with one ex-
tra dimension in latent space while keeping the previous units unchanged. The independence
on latent encodings was achieved with an additional loss term under normalization conditions:
Leow(X) = 55 Z,’i:ll Z]M=1 2] 2}, so that the covariance between each of the distinct components is
minimized during training.

Another similar but more rigorously proven approach [4] uses dropout on units in the representation
space with a prior distribution pp to select the cutoff index in each iteration of training. Therefore,
the nested dropout problem can be formulated as (é, (;AS) = argming,qs) L(0, ), where the objective
function can be written as £(6, ¢) = Eg[L(6, ¢)], with b drawn from the distribution pp(-). The
truncated objective £, (6, ¢) can be written as the mean of reconstruction cost for all samples with
the last K — b units removed, where K is the latent representation dimension:

N
1 N
Lyp(0,0) = N E F(Yn, Unis)
n=1

The intuition behind this approach is that nesting can lead to an inherent ordering of importance of
latent units since one particular unit always depends on those preceding it. The prior is chosen to be
pp(b) = p~1(1 — p), a geometric distribution with exponential decay. In the original work, it was
shown that the non-linear autoencoder with nested dropout does not compromise the autoencoder
optimal solution and that with some additional restraints on orthogonality, PCA solution can be
exactly recovered.



The probabilistic framework of variational autoencoders (VAE) [6] provides a strong foundation
for understanding the ad-hoc reconstruction losses as well as regulating the behaviour of the latent
space units, by encoding the representations as probability distributions from some priors (normal
distribution for simplicity). Extensions to VAE include 3-VAE [7], Conditional VAE [8], Importance-
weighted VAEs (IWAE) [9], etc., which essentially renders more flexibility in regularization.

3 Dataset

For different demonstration purposes, we proposed 2 synthetic datasets for the following
experiments. The first one is a simple N-dim dataset ClusteredPoints generated from
sklearn.datasets.make_classification API[10]. We specified 10000 samples and 3 classes
with 5 informative and 5 redundant features out of 20 in total. This highly artificial and straightfor-
ward dataset is very convenient in identifying some key differences between different approaches, but
we couldn’t see how varying certain features can affect the generated results with clear visuals.
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Figure 1: Examples of rectangles with different shape and size in Rectangles dataset

Therefore, the second dataset Rectangles amends this issue with a collection of rectangles with
random sizes and shapes centred on the image. We generated 10000 images of shape 32 x 32 with a
maximum greyscale of 255. A Gaussian noise is applied onto images (which is only visible on the
edges) for data augmentation. Some examples can be seen in fig. 1.

4 Comparison of PCA and vanilla Autoencoder

The first experiments were conducted on the ClusteredPoints dataset to showcase the disparity of
PCA results and vanilla autoencoders’ latent encodings. We set the latent dimenstion as 5 for both
algorithms, and the vanilla autoencoder is constructed symmetrically with only one linear layer on
both decoder and encoder sides, trained with a simple cross-entropy reconstruction loss[11]. In PCA,
the significance of a principal component axis is indicated by the variance, where we can see from fig.
2a that the importance for latent units is dropping consistently. We also display the covariance matrix
(shown in fig. 2b) for all 5 encoded features, and all off-diagonal entries are close to 0, implying the
orthogonality of the features.
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Figure 2: Latent variable standard deviations and covariance matrix for PCA on ClusteredPoints
dataset.

The same plots were shown for the linear autoencoder: (1) in fig. 3a, all 5 features show the same
level of variance - that is, no importance priority is imposed on the units - and (2) in fig. 3b, most
entries are non-zero, showing a strong correlation between features and hence, lack of independence.
We further experimented with a few more intricate autoencoders (Multi-layer encoder-decoders,
non-linear autoencoders) which led to the same conclusions (see fig. 13 in Appendix).
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Figure 3: Latent variable standard deviations and covariance matrix for vanilla autoencoder on
ClusteredPoints dataset

5 Tailored Autoencoders

Having demonstrated the shortcomings of the autoencoders, we then turn to the PCA-like autoen-
coder implementation trained on the Rectangles dataset. The encoder is composed of 5 layers
of convolutional layers with leaky ReLUs as the activation function for each, and the decoder is a
symmetrical inverse of the encoder. Due to limited training resources, we randomly took a subset
of the full training dataset of size 1000 for the subsequent trainings, and a batch size of 128, epoch
number of 50, and learning rate at Se-4 were set for all following experiments.

The ideal expectation was that through the independent representations, we can encode defining
features of the rectangles in different dimensions. For instance, one unit may control the size and
another the length-height ratio. We set the latent dimension to be 3 such that optimistically, 2 units
can each capture a feature of interest, while the third unit is included for further observations. In
order to visualise such individual effects, we only vary one unit in the range [—1, 1] while keeping
the rest unchanged at 0.

The baseline method shares the same encoder-decoder architecture but with a standard autoencoder
training objective without any tricks. We show the interpolation results for each of the three units in
fig. 4.

unit representation from -1to 1
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Figure 4: Interpolation of generated results by varying one dimension in latent space each time for
vanilla autoencoder. No clear association of features can be seen.

We can see a clear transition of shape and/or size in all three units, but it is impossible to designate one
feature to each, as they all show some similar changes. PCA-like autoencoder (PCAAE), in contrast,
produced interpolation results in fig. 5. It is obvious that the dim-0 varies the size, dim-1 changes
the width-height ratio, while dim-2 is redundant as no visibly significant changes occured along
the interpolation plots. This straightforwardly solved the two issues of vanilla autoencoders: the
importance of the first two dimensions evidently triumphed the last, resulting in an effective ordering,
and each unit has an independent feature associated without interfering with others. We further
demonstrate these points with covariance matrix and variance plots in fig. 6
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Figure 5: Interpolation of generated results by varying one dimension in latent space each time for
PCAAE.
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Figure 6: Latent variable standard deviations and covariance matrix for vanilla autoencoder and
PCAAE on Rectangles dataset

In fig. 6a and 6b, no visible ordering of variance can be observed, despite the clear differences
shown from interpolations; however, fig. 6¢c showed near-zero covariances on off-diagonal entries,
suggesting a strong assumption of orthogonality of latent features, as opposed to the baseline (fig.
6d).

We make the same plots for the nested dropout (NDAE) training procedure and compare with the
previous two methods. In fig. 7, we see a very similar pattern in the three dimensions as the PCAAE,
where the each of first two units are responsible for shape and size changes, while the last has minimal
impact. This is further corroborated in fig. 8a, where the third latent unit saw a dip in variance.
However, the off-diagonal covariance terms are non-zero as we did not impose regularization on
latent space independence (fig. 8b).
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Figure 7: Interpolation of generated results by varying one dimension in latent space each time for
NDAE.
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Figure 8: Latent variable standard deviations and covariance matrix for NDAE on Rectangles
dataset

6 PCA-like VAEs

Having shown the properties of the PCA-like autoencoders, we then replace the autoencoder with
VAESs, such that the new training objective is minimizing the log-likelihood of the generated data.
Mathematically, we want to find € that minimizes £(0) = >, logE.zPrx(z;|Z = z;0) [12],
where Z is the random variable of the latent space from which z is drawn. One trick for VAE is using
importance sampling to estimate the expectation value, such that

e . Prz(2))
[ j=1
where z; is sampled from Z, a prior distribution of choice.

With the encoder network ¢ which generates the sampling distribution Z and Jenson’s inequal-
ity, we can find a lower bound for the log-likelihood as £L,(0,¢) = >, Erlog {Prx(a:i|Z =

253 0) i:z Eg; } where we can rewrite the effective loss as

£0(0,0) = > {[Erlog Prx(w:lZ = 2;;0)] — KL(Pr;|[Prz) }

%

We brought in F, a latent random variable as part of the reparameterization trick in the encoder [12],
and the KL-divergence comes from its definition.

The first term can be interpreted as the effective "reconstruction loss", such that the first term decreases
when data point x; has a higher likelihood. The second term can be understood as the regularization
to make Z well-behaved, such that, for example, close points in the latent space also correspond to
data of proximity in the original space.

In our implementation, we choose a multivariate Gaussian prior for the latent random variable for Z
for convenience of KL divergence calculation, and we also assume that the generated random variable
from the decoder also follows a MVN distribution. Hence, we subsequently replace the previous
training objectives with the new negative-loglikelihood minimization shown above. We first show the
interpolation results for each of the two methods(fig. 9, 10):

One apparent distinction from the previous interpolation plots was that VAE-generated rectangles tend
to be more fuzzy’ on the edges. This was expected as the Gaussian prior imposed on the generated
space could lead to the blurring away from the centre. In addition, despite the smoother transition of
generated images due to the KL divergence term, the orthogonality of the three latent dimensions is
less evident and no importance ordering is visible as we slowly vary z in one dimension. The lack of
training samples and epochs can be a major problem for this probabilistic approach. Nevertheless, it
can still be observed from fig. 11b that the latent feature independence was preserved for PCA-VAE.
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Figure 9: Interpolation of generated results by varying one dimension in latent space each time for
PCA-VAE.
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Figure 10: Interpolation of generated results by varying one dimension in latent space each time for
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Figure 11: Latent variable standard deviations and covariance matrix for NDAE on Rectangles
dataset

7 Evaluation on classification downstream task

So far, we have been comparing the performances of different autoencoding approaches for PCA
primarily based on interpolation plots as qualitative observations from which we drew valuable
conclusions. However, since our autoencoder-based and VAE-based methods employed different
training objectives - namely, minimizing reconstruction loss and negative log likelihood - it is
challenging to directly compare the effectiveness quantitatively. We therefore propose a metric for
easier and unified quantitative evaluation: 4-class-svm cross-validation score. As one of the many
objectives of PCA is to use the representations of reduced complexity for further tasks, we, thus,
divide the test Rectangles images into 4 groups based on size and shape and train a classifier on
them with the latent features as inputs and the class division as the label. The correctness of this



approach can be verified from fig. 12a, where we benchmarked the performance of the representations
obtained from different methods on a separate classification task (where the classes are pre-defined in
the randomly generated synthetic data). We can find that PCA slightly outperforms the classification
based on original data, while the autoencoders slightly worse. It was also expected that the stacked
and non-linear autoencoders have slightly higher cross-validation scores than the shallow vanilla AE.
We then apply the same evaluation to the rectangle dataset and the approaches demonstrated above.
Although both PCAAE and NDAE showed promising results in the generative task with improved
importance ordering and independence, neither surpassed the accuracy of vanilla autoencoder, and
most notably, PCAAE saw a close-to-random-guess performance (see fig. 12b).
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Figure 12: Quantitative Evaluation of PCA and PCA-like methods on 4-way classification task. The
score displayed is the average of 5 cross-validation accuracies.

One plausible explanation is that the holistic character of the latent features is lost when encoding the
variables one at a time with encoder output of size one in PCAAE. Such individual representations,
though pertinent to generative tasks, may lose the features needed for classification tasks based on
the latent representation as a whole.

8 Future Work

In our experiments, we trained our adapted models on a smaller subset (1000 samples) of the full
Rectangles dataset(10000 samples) due to limited training resources. A full training with all
samples could further improve the current results. In addition, we arbitrarily set the number of latent
dimensions to be three, and therefore it is expected to bring more insights by varying the number of
latent variables and observe the impact on different metrics. Furthermore, our PCA-VAE method
did not perform well on the classification downstream task, so that an improved method of reducing
the ’discreteness’ among latent variables can be designed. Lastly, the quantitative evaluation task
specific to the Rectangles dataset can be a more fine-grained classification or even a regression task
for further explorations.

9 Conclusion

Using the synthetic dataset of rectangles of different shapes and sizes, we first demonstrated that the
modified autoencoders based on variable-by-variable encoding and nested dropout on latent space can
both produce PCA-like latent variables with one or both of the key features - importance ordering and
orthogonality. In both cases, the first two variables encode the features with the third one redundant.
We then integrated VAE with the two approaches and presented a probabilistic interpretation of
PCA-like autoencoding, along with the qualitative results, which appeared to be weaker than those
before the integration largely due to lack of training. Finally, an original evaluation metric based on
4-class classification was proposed and measured on all experiments, showing that the original vanilla
autoencoder and Nested Dropout-enriched methods are more competent in capturing distinctive
features for classification tasks.
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Figure 13: Latent variable standard deviations and covariance matrix for stacked and non-linear
autoencoders on ClusteredPoints dataset
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Figure 14: Tllustration of datapoints of different classes from ClusteredPoints projected onto the
subspace defined by the first two axes (out of 5)
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